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A NOTE ON THE R. FUCHS'S PROBLEM FOR THE PAINLEVE 

EQUATIONS 



O I TSVETANA STOYANOVA 

Abstract. In this article we consider a first-order completely integrable system of partial 
| differential equations d$/dx = A(x,t)$, d$/dt = B(x,t)<& with $ = (<f>i,4>2) T where 

A(x, t) and B(x, t) are 2x2 holomorphic matrix functions. Under some assumptions we 
find a variable change by which the system d$/dx — A(x, t) $ is reduced to an equation 
independent on the variable t. As an application we show that the R.Fuchs's conjecture 
• for the Painleve equations is true for some algebraic solutions. 
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1. Statement of the result 

In the first part of this note (see section 2) we consider a first-order linear system of 
partial differential equations 



(1-1) ^P^ 1 = A(x,t)*(x,t), A(M)=( 0l f'J> 

dx \ a 2 i{x,t) a 2 i(x,t) 



(1 „ »M = B(x , t) * (x , t) , B{x , t) = (W MM)) 

where $(ar, t) = T ^ an< l a ij( x > t)i°ij( x i t) are holomorphic in a domain 2? in (x, i)- 

space. 

We assume that: 

Assumption A.l: The system ( |1.1| ) - ( |1.2j ) is completely integrable in the sense of 
the Frobenius theorem 

Theorem 1.1. (Frobenius) The system ( |1.1| ) - ( |1.2| ) is completely integrable if and 
only if 

(1.3) _ + A ( x> t) b(x, t) - B(x, t) A(x, t)=0. 



The system (|1.3[ ) is called the integrability condition of the system (|1.1| ) - ( |1.2| ) ; 
Assumption A. 2: Both matrices A(x,t) and B(x,t) are traceless; 
Assumption A. 3: All components aij(x,t) and bij(x,t) of the matrices ^4(x,t) and 
B(x,t) respectively are of the form 

where F m {x) and G m (t) are holomorphic in the domains T>\ and T> 2 in x— and t— 
space respectively, such that V = T>\ x V 2 . 

l 
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We can transform the system ([O]) by a standard technique into a second order linear 
equation. It is easy to derive the following classical result: 

Lemma 1.2. Assume that ai 2 (x,t) and bi 2 (x,t) do not vanish identically. Then under 
Assumption A.l and Assumption A. 2 the first component (ft\(x,t) of the solution <3?(x,t) 
of the systems (|1 . 1| ) - (1.2) satisfies the following differential equations 



, d 2 d>i(x,t) , . dd>i(x,t) , . , „ 

(1.4) ~ \, ' ' + pi (x, t) ^ ' ' + gi (a, t) (s, t) = 

n ,n 94>x(x,t) d4>i{x,t) 

(1.5) — — = p 2 (x,t) ^ + 9a (a, t) <MM) , 

where 

(1.6) Pi(M) = -^logai 2 (a;,t), 

. . ., . <9an(a;,i) , , x S . 

gi(x,t) = deM(x,i) — h a n (x, t) — log ai 2 (x, , 



fel2(a;, *) ' 

612(3;, i) 



P2OM) 



g 2 (z,£) = an(x,t) - 6n(x,t) 



l/S 1 <9ai 2 (x,t) 

o ^- log 612(3;,^ 



2 \<9x ' 612 {x,t) dt 

Let the elements a\ 2 (x,t) and 6i 2 (a;,i) have the following simple forms 

a 12 {x,t)=g{t)[P 1 {x) + tP 2 (x)] , b 12 (x,t) = g(t)P 3 {x), 

where g(t) and P{(x) are holomorphic functions in T> 2 and X>i respectively. Then from the 
last equation of (([1]) we find that 

(1.7) q 2 (x, t) = R(x) + M(t) \f(x) + t h(x)] , 

where 

(I- 8 ) /(a;) = tt^t, ^(3;) - 



p 3 ( x y v ' P 3 (x) 

and R(x) and M(i) are functions dependent only on Pi{x) and g(t). 
Our main result is the following 

Theorem 1.3. Assume that ai 2 (x,t) and b\ 2 {x,t) do not vanish identically as 

(1.9) aia(M) =g(t)[Pi(x) + tP 2 (x)} , b 12 {x,t) = g(t) P 3 {x) , 

where g(t) is a holomorphic function in T> 2 , Pi{x) are holomorphic functions in T>\. 
Then under Assumption A.i, i = 1,2,3 by means of the change the variables 

(1.10, WM ) = «p(/*M*)-(M), 

(1.11) r = texp^y h(x) dx^j + J /(x)exp^y h(x)dx^j dx 
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with R(x),h(x) and f(x) defined by (|l.7|) , ( |l.8[) , equation (|l.4|) is reduced to the second 
order linear differential equation 



(1.12) 

which is independent on t. 



d 2 w „, , dw n , . 

_ + P( T) _ +O(T)w = 



Remark 1.4. As we are going to apply Theorem 1.3 to the R.Fuchs's principle for the 
Painleve equation we formulate it from the point of view of the variable x. One can rewrite 
it and Lemma 1.2 from the point of view of the variable t. For example: equation ( |1.4| ) is 
considered as a second order equation 



+ 



dt 2 

detB(x,t) + 



— log 6 2 i (x, t) ^ + 



5 

at 

d6n(x,i) 



Of 







dt 



hi(x,t) — log &21O, i) 



0i(x,i) = 



and this equation can be transformed by an appropriate variable change into an equation 
independent on the variable x. 



The meaning of the transformations ( l.lCj ) - (1.11) is the following. Consider the aux- 
iliary system to the quasilinear first-order partial differential equation ( |1.5| ) 

x = 1 

i = -p 2 (x,t) = -th(x)- f{x) (*) 
<pl = q2(x,t)<l> 1 = (R(x) + M(t)[f(x)+th(x)]) 0i, 

where ' = 4-- Then r and w(x,t) defined by 



h{x)dx I 



w(x, i) 



>i exp 



J?(x) exp / M(t) dt 



are two independent first integrals of the system (*). As the exponent exp (J* M(t)dt) 
does not depend on the variable x we delete it from the transformation ( l.lCj ) . 

In the second part (see section 3) we relate Theorem 1.3 to the R.Fuchs's conjecture for 
the Painleve equations. The six Painleve equations govern the isomonodromic deforma- 
tions of a linear system ( |l . l| ) with rational of x elements aij(x, t) (the variable x is usually 
called the spectral parameter). The general theory of isomonodromic deformations ensures 
that the solution $(x,i) of ( |1.1| ) satisfies an additional linear syste m (|1.2|) (the variable 
t is called the deformation parameter). The integrability condition (|1.3| ) of the systems 
a nd (|1.2j ) leads to the six Painleve equations Pj, ||,J|. In such a case we refer to 
- (|b^) as a linearization of the Painleve equations. In Q R.Fuchs made the following 
hypothesis: let y(t) is an algebraic solution of the Painleve equation, then there exists a 



( 



LI 
1.1 



suitable variable change by which the associated linear equation (LI) can be transformed 
into an equation independent on the deformation parameter t. Moreover in the same pa- 
per U R.Fuchs showed that the linear equation taken at the solutions y = 0, l,oo,t of 
Pjv (obtained as special Picard solutions) can be reduced to the hyper geometric equation. 
The R.Fuchs's conjecture for the Painleve equations was recently reinvestigated in Jj], 
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Utilizing Theorem L3 we show that the R.Fuchs's hypothesis is true for some algebraic 
solutions of Pj. 

This paper is organized as follows. In the next section we prove Theorem L3. In section 
3 we apply Theorem L3 to the R.Fuchs's principle for the Painleve equations from the 
second to the fifth. 



2. Proof of the Theorem 1.3 



We will prove the theorem in a general situation when all of the functions M(t), f(x) 
and h(x) are nonconstants. At the end of the proof we are going only to list equations 
( l,12j ) in the particular cases when some of these functions are constants. 



Observe that the assumption of the theorem and the last equation of ( |1.6| ) imply 



g(t) = B~ l exp (-2 J M{t)dt \ , R(x) = ± 



Ps(x) 



h(x) 



for a constant B. 
Hence 



a 12 (x,t) = B- x e- 2 S M ® dt [P^ + tP^x)] , b 12 (x,t) = B^e' 2 $ M{t)dt P ?J {x) . 
On the other hand we have 

an(x, t) - [/(a?) + th{x)] 611(2;, t) = R{x) + M(t) [/(a?) + th(x)} . 
Then compatibility condition (|1.3| ) of the linear system ( |1.1|) - (|1.2| ) gives 

(2.13) 011-^11 + 012^21-^12021 = 

where ':= J^, ' := In particular 

a 21 (x,t) - [f(x) + th(x)} b 2 i(x,t) = 

Be 2fM(t)dt . 

= 5^ (M{t) + b ll (x,t))h(x)-b' n (x,t) + (f(x) + th(x))(b ll (x,t) + M(t)) 

P 3 {x) L 

This relation implies 

Be 2fM(t)dt Be 2fM(t)dt_ 
«2i (ar,t) = —— a 21 (x, t) , 6 2 i (a;, = T - T -t 6 2 i (a:, *) 



as 



021(2;, i) - [/(») + 621(2;, i) = 

= (M (t) + b u (x, t)) h(x) - b' u (x, t) + (/(*) + th(x)) (b n (x, t) + M(t)) . 

Let us suppose that bn(x,t) = Fi(x)Gi(t) + F 2 (x)G 2 (t). Next, compatibility condition 

(2.14) d 2 i - b 21 + 2021611 - 2011621 = 
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gives equation 



&b21 ^ t] + [f{x) + th(x)\ a62l(M) 



-2h(x)b 21 (x,t) - 



dx dt 
2 [M(t) + F x (x)G x (t) + F 2 {x)G 2 (t)] x 

(f(x) + th(x)) (M(t) + F 1 (x)G 1 (t) + F 2 (x)G 2 (t)) + 



d_ 

dt 



+ h(x) (M(t) + F x (x)G x (t) + F 2 (x)G 2 (t)) - F[{x)G x {t) - F^(x)G 2 (t) - 

\f(x) + th{x)) (M{t) + F x (x) G x {t) + F 2 {x) G 2 (t)) + 

+ h(x) (M(t) + F x {x)G x {t) + F 2 {x)G 2 (t)) - F[{x)G x {t) - F^x)G 2 (t) . 
We can write the general solution of this quasilinear first-order partial differential equation 



as 



b 21 (x,t) 



e 2!h{x)dx F(r) _ [ Fl ( x ) Gl ^ + F 2 (x)G 2 (t) + M(t)} 2 - 

^ [F x (x)G x (t) + F 2 {x)G 2 (t) + M(t)] = 

e 2fh( x)dXF{T) _ [6ii(M) + M(t)] 2 _ 9. [ bn ( Xjt ) + M(t)} 



for an arbitrary holomorphic function F of r. Then the initial equation fll.4| ) is transformed 
to equation 

d 2 w 



(2.15) 



dr 2 



F( T ) w = 0, 



which is independent on the variable t. 

One can show, in a similar way, that when bu(x,t) = F%(x) Gi(t) equation ( |l.4|) is 
again reduced to equation ( |2.15| ) . This proves the theorem in a general situation. 

We finish the proof with a list of particular situations. If M{t) = M for a nonzero 
constant M then: 

• if both f(x) and h(x) do not vanish identically, no matter they are constants or 
not, then as above equation ( [P| ) gets into equation ( p. 15 ); 

• if f(x) does not vanish identically and h(x) = then equation ( (0| ) turns into 
equation 

(2.16) ^ - [M 2 + F(t)] w = 

for an arbitrary holomorphic function F of r = t + J f(x)dx; 

• if /i(x) does not vanish identically and /(x) = then 

b X2 (x,t 



a 12 (x,t) = B~ 1 e- 2Mt t A + 1 P 2 (x) 



B -i e -2Mt t A p ^ x) 



R(x) 



Pz{x) 



(A + l)h(x) 



(2.17) 



for constants B and A. Equation ( |1.4| ) is transformed to equation 
d 2 w A dw 



dr 2 t dr 



F(t)w = 
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for an arbitrary holomorphic function F of r = iexp (J" h(x)dx). 
If /(x) does not vanish identically then: 
• if M(t) = 0, h(x) = then 

a 12 (x,t) = B- l e At P 1 {x), b 12 (x, t) = B~ 1 e At P 3 (x) 



R(x) 



Af(x) 



(2.18) 



for constants B and A. Equation Ql.4| ) turns into equation 

d 2 u; . dw _,, . 



for an arbitrary holomorphic function F of r = i + J f(x)dx; 

• We make note that the situation when both f{x) and /i(x) do non vanish identically 
but M (t) = is impossible. 

If h(x) does not vanish identically then: 

• if M{t) = 0,f(x) = then 

a 12 (x,t) = B- l t A+l P 2 (x) , b 12 (x,t) = B-H A P 3 (x) 



R(x) 



P 3 (x) 



(A + l)h(x) 



for constants B and A. Equation (1.4) is transformed to equation (2.17) for an 
arbitrary holomorphic function F of r = texp (J h{x)dx). 

This proves the theorem. □ 
We end this section in similar to Lemma |1.2| and Theorem |1.3| results about the second 
component 4> 2 (x,t) of the solution <&(x,t) of the systems ( |1.1| ) - (1-2). 

Lemma 2.1. Assume that a 2 i(x,t) and b 2 i(x,t) do not vanish identically. Then under 
Assumption A.l and Assumption A. 2 the second component 4> 2 (x,t) of the solution &(x,t) 
of the systems ( |1.1| ) - (L2) satisfies the following differential equations 



(2.19) 



dx 2 



d . . dfa{x,t) 

^o g a 21 (x,t)^— + 



+ 



, A t \ dan(x,t) . d . 
det A(x, t) H — an (x, i) — log a 2 i (x, *) 



(2.20) 



>(x,i) a 21 (x,i) d(j> 2 (x,t) 



au(x,t) - bu(x,t) 



4> 2 {x,t) = o 

a 2 i(x,i) 



o 2 i(x,i) 



(/> 2 (x,t) . 



dx b 2 \(x,t) dt 

Theorem 2.2. Assume that a 2 \(x, t) and b 2 i(x,t) do not vanish identically as 
(2.21) a 21 (x,t)= g(t) [Pi (x) + t P 2 (x)] , 6 21 (x, t) = <?(£) P 3 (x) , 

«n(x,t) - b n (x,t) Pp^r = R(x) + M(t) [f(x) + th(x)] 
021 (x,i) 

where M(t) is a function oft, P{(x) are functions of x and h(x) = , f(x) = p*^) • 
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Then under Assumption A.i, i = 1,2,3 by means of the change the variables 
(2.22) 02 (M) = exp ( - / R(x)dx ) w(x,t) , 



(2.23) r = texp^y h(x) dx\ + J f(x)exp^J h(x)dx^j dx 

equation (2.19) is reduced to the second order linear differential equation 
(2.24) 

which is independent on t. 



d 2 w .dw . 

_ + P (T )_ + Q( r)w = 



3. The R. Fuchs's principle for the Painleve equations 



In this section applying Theorem 1.3 and Theorem E?3, we show that the R. Fuchs's con- 



jecture is true for some algebraic solutions of the Painleve equations from the second to the 
fifth. Unfortunately the particular form of q2{x,t) = an(x,t) — bn(x,t) 012(2;, t)/bi2(x,t) 
in (|l.6| ) restricts our applications very much. On the other hand as the Assumption A. 3 
is not fulfilled for the sixth Painleve equation we are not going to consider this Painleve 
equation here. In fact we make no claim to try all possible applications of Theorem 1.3 



and Theorem |2.2| in the R. Fuchs's principle for the Painleve equations. We just give some 
examples. 

3.1. The R. Fuchs's principle for Pjj. 

3.1.1. Miwa - Jimbo's linearization. Miwa - Jimbo's isomonodromic deformation equations 
for the second Painleve equation Q are 

d$(x,t) 



(3.25) 



(3.26) 



which <3? 



dx 
A(x,t) 



d$(x,t) 
di 

B(x,t) 



A(x,t) $(x,t) , 





-1 



u 



+ 



z + t/2 
-2« -1 (6> + yz) 





-2u^z 

-uy 
z-t/2 



x + 



B(x,t) $(x,t) 




-1 



1 

X+ 2 







u 



2u~ L z 



where y, z and u are functions of t and 6 is a parameter. 



Integrability condition (|1.3| ) of the linear system ( 3.25 ) - ( |3.2c ) gives 



-2yz-0. 



d 



dy 2 t dz 

— = z + y+-, — M 

Eliminating z, we obtain the second Painleve equation Pjj 



log u 



^| = 2y 3 + ty + a 



with ct = \ 
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3.1.2. R. Fuchs' conjecture for the solution y = 0. Equations (|l.4| ) and ( |l.5| ) taken at the 
solution y = 0, = 1/2 (a = 0) of P// are 

(3.27) — -5 (x z +t)0i = 0, 

aar x ax 

2x ■ 



dx dt 
Under Theorem |l.3| we have: 



M(t) = 0, f{x) = 2x, h(x) = 0, A = 0, R(x) = . 
By means of the change of the variable 

X 2 + t = T 

equation ( |3.27| ) is reduced to equation ( p. 18 ) taken at A = 

d 2 0i r 

which is independent on the deformation parameter i. The last equation after transforma- 
tion r = 4 1//3 £ is converted into the Airy equation pi 



n 



d 6] 

(3.28) ^= 5 
We notice that when 9 = 1/2 we have u = -B -1 , z = —t/2 for a constant £?. 



3.1.3. R. Fuchs' conjecture for the solution y = — j. Equations Q2.19D and ( 2.2C| ) taken at 



1/2 (a = 


1) of P„ 




1 d<p 2 


dx 2 


x dx 


d(f>2 


2x d4>2 


dx 


dt ' 



X 1 (X 2 + t) <f>2 = , 



which is reduced to the Airy equation ( 0.28 ), |j] 



d 2 i 



We note that when 8 



di 2 

-1/2 we have u = B~ l t,z 



■| for a constant B. 



3.2. The R. Fuchs's principle for Pjjj. 
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3.2.1. Miwa - Jimbo's linearization. Miwa - Jimbo's isomonodromic deformation equations 
for the third Painleve equation are 



(3.29) 



(3.30) 



d<$>(x,t) 
dx 

A(x,t) 



d$(x,t) 

di 

B(x,t) 



A(x,t) &(x,t) , 



1 / t 



2 V -t 



+ 



1 

x 



— #oo/2 

_ w -l ^ z _ Q y + dov+eo z-t + 9^6^ 



If z-t/2 



x i \ w~ 1 (z-t) -z + t/2 



B(x,t) <$>(x,t) 



1/1 



2 V -1 



x + 



-ywz 

»oo/2 



+ 



1 

xt 



-w 



-ywz 




+ 



—z + t/2 wz 
-w- l {z-t) z-t/2 



with $ 



lity condition 



where y, z and w are functions of t and #oo; 0q are parameters. Integrabi- 
of the linear system ( 3,29j ) - (|3.30| ) gives 



t^ = W -2ty 2 + (2^-1) y + 2t 



t ^ Z 

d , 
t- \o g w 



-Ayz 2 + (4ty - 26^ + 1) z + (0 O + 9 oc )t, 
2ty + t^oo . 



Eliminating z we obtain the third Painleve equation Pjjj 



d 2 y 1 / dy\ 2 1 dy 1 , 2 , 3 5 



with 



a = 40 o , /3 = 4(1-^), 7 = 4, <5 = -4 . 
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3.2.2. R. Fuchs's principle for the solution y = 1. Equations ( |l.4| ) and ( |l.5| ) taken at the 
solution y = 1, a + /3 = (resp. 6>o = #oo — 1) of Pm are 



(3.31) 



a 2 c 



9x 2 



1 



X X +1 



dx 



+ 



+ 



+ 



t 2 1 2£(<9 00 - 1) - 1 8t 2 + 16(6*00 - l)t + 3 



+ 



4 4(x + 1 
- l)t t 2 



<9x 



2x 3 4x 4 
t(x + l) (90i 

x(x — 1) <9t 



4x 16x 2 

01 =0, 

5oo-l 26^ - 1 t(x + 1) 



+ 



2x 2(x - 1) x(x - 1) 



Accordingly Theorem 1.2 we have 

x + 1 



M(i) = -1, /(x) = 0, h(x) 



x(x — 1) 

By means of the change of the variables 



A = 9 OQ -l, R(x) 



1 20^-1 



2x 2(x - 1) 



01 (x, i) = x (e °°~ 1)/2 (x - i)(l-»»<»)/ 2 w (x, t) 



(x-lYt 



equation ( |3.31|) is converted to equation ( 2.17 ) 



d 2 w Ooo — 1 dw 



dr 2 



t dr 



-r- + 



"4 + 2r 



1 . 40 2 -1 



+ 



16r 2 



u; = 0, 



which is independent on the deformation parameter t. Moreover after the change 



w = T ^- l )/ 2 v 



the last differential equation is transformed to the Whittaker equation [10 

d?v (I k 4/x 2 - 1 



(3.32) 



with parameters n 



dr 2 V 4 r + 4r 2 



v = 



2 'A* 16' 



We make note that when 6 = 9<x> - 1 we have z = (1 — 26>oo)/4, w = B l e 2t t e °° for a 
constant -B. 



3.3. The R. Fuchs's principle for P/y. 
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3.3.1. Miwa - Jimbo's linearization. Miwa - Jimbo's isomonodromic deformation equations 
for the fourth Painleve equation are Q] 

d$(x,t) 



(3.33) 



(3.34) 



with 



dx 
A(x,t) 



dt 
B(x,t) 



A(x,t) $(x,t) , 

( t u 

h V 2{z - 6 - 9^/u -t 

z + 9 -uy/2 



1 

-1 



x 



+ x \ 2-1 : - 2W () )/»/y : - <h, 



B(x,t) $(x,t) 

-1 ]x + 



u 
2(z-9 -9 oc )/u 



lity condition 



where u, z and y are functions of t and 9q, 9^ are parameters. Integrabi- 
of the linear system ( 3.33| )-( ^34 ) gives 

dt 



-4z + y 2 + 2ty + 49 



dt 



dz 
~dl 

logu 



- --- + I -y+—) z + (0o 
y V y J 

-y-2t. 



<y, 



Eliminating z we obtain the fourth Painleve equation Pjy 
d 2 y 1 ( dy 



with 



a = 29^-1, (3 



3.3.2. R. Fuchs's principle for the solution y = —2t. Equations (1.4) and (|l.5| ) taken at 



the solutions y = — 2t, 9q = 9^ = | and y 
and they are 



-2t, 



•A of Pjy are the same 



(3.35) 



d 2 ^ 

dx 2 x(x + t) dx 



+ 



1 / ^2 1 

— j + (x + ty + —, 

4x 2 v ; 2x(x + t) 



dx 



x 



1 



dt 2x 



1 



A = 0, R(x) 



Under Theorem |1.3| we have 

M(t) = 0, f(x) = l, h(x) 

By means of the change of the variables 

01 (x, t) = x -1 / 2 w(x, t) 



1 

2x' 



r = t x + 
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equation ( |3.35 ) is converted to equation ( 2.18 ) taken at A = 

d 2 w 



(3.36) 



dr 2 



w = 0, 



which is independent on the deformation parameter t. 

We note that when 9q = ~~ #oo : 
respectively for a constant B. 



2 and 9q = 9^ = | we have u = B 1 and z = 0, z = 1 



3.3.3. R. Fuchs's principle for the solution y = —it. Equations ( |1.4| ) and ( |1.5| ) taken at 



the solutions y = — |i, ^ 
same and they are 

(3.37) + 



2' ^0 



i and y 



cte 2 x(3x + i) 3a; 



7 



3a; 



3x 



dt 



+ 



36x 2 6x 2 (3x + t] 

1 2t ( t 
T^ + ^r l + ;r- 



" 3 ^ ; "00 



+ 



5> $o = \ of Pjv are the 
(3s + t) 2 {3x + At)' 



Tlx 



0, 



6.r 



3.T 



Under Theorem 11.31 we have 



M(i) = |, f(x) = l, h(x) = ±, R(x) 



1 

6x 



By the transformation 



ij = aT 1/6 u;. 



equation ( |3.37| ) is reduced to equation ( |2,15| ) 

d 2 w At 



r = te l/3 + ^ x 4/3 

4 



■ w 



dr 2 3 

1 

which is independent on deformation parameter t. After the change t = (|) £ the last 
equation is converted into the Airy equation ( 3.28 ), |Q] 

d 2 w 



de 



We make note that when 9, 
and z = — 1 i 2 z = 



-| and 6*oo 



i we have u = B 1 e 



, . ._ - -| t 2 + i respectively for a constant B. 



3.4. The R. Fuchs's principle for Py. 



3.4.1. Miwa - Jimbo's linearization. Miwa - Jimbo's isomonodromic deformation equations 
for the fifth Painleve equation are Q 

d$(x,t) 



(3.38) 



dx 
A(x,t) 



A(x,t)$(x,t) , 



t 
-t 



1 

+ - 

x 



z + 



00 



-u(z + 6>o 



u 1 z 



+ 



x - 1 



uy \ 



gp+go 



gp+gl+gg 



0c 



uy ( z + 

z + 



+ 



gfl-gl+go 



gfl+gg 
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(3.39) = B(x, t)4>(z,t), 







1 



x- 



It 







g _i^ + fl°+gi-H>» 



-it 



z + 9 - y (z + B -^f 




with 



where y,z and it are functions of t and 9q,9\ and #oo are parameters. 
Integrability condition ( |1.3j ) of the linear system ( 3.38 )-( |3~39| ) gives 

36> + 9i + 



tf t = ty-lziy-lf-iy-D ^-Y^ y 



dz 
t — 
dt 



yz[z + 



00 — #1 + # 



-2z - O + V [z + 



y 

h + #oo 



1 



% + Oi + 9 C 



+ 



t) 



z + 



00 + 9^9 

c 



Eliminating z we obtain the fifth Painleve equation Py 



dt 2 



l 



l 

2y + y-l 



dyV 1 dy (y-l) 2 
dt) t dt t 2 



. P\ . iv , My + 1) 

«y + - + — H ; — 



with 



a: 



7 



3.4.2. i?. Fuchs's principle for the solution y = 1 — g-^j- Equations ( |Q| ) and ( |l.5|) taken 
at the solution y = 1 — , #o = 0, #1 + 0oo = 2 of Py 



arc 



(3.40) 



50i 
<9x 



d 2 0i | 1 

<9x 2 33 — 



1 <9x 

2 - 



+ 



x — 1 <9t 
Accordingly Theorem we have 
1 



+ 



2(x-l) 4(x- l) 2 
f 



2(x-l) 2(x-l) 



M(i) = --, /(x) = 0, %) 



1 



-, A = 1-0 1} R(x) 



2' J v ' ' v ' x-1 
By means of the change of the variables 

&(x,i) = (x- l) (ei - 2)/2 u;(x,t) 

T = t(x - 1) 

equation ( |3.40|) is converted to equation Q2.17 ) 



2(x - 1) ' 



d 2 w 1 



cir 2 



+ 



1 1-6 
"I + ~~ 2r 



10 = 0. 
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which is independent on the deformation parameter t. Moreover, we can apply the trans- 
formation 

w = T d-e 1 )/2 v 

to the last differential equation and reduce it to the Whittaker equation ( [3.32D , [ 10 1 , with 
parameters k = (1 — 6>i)/2, fi 2 = 6> 2 /4. 



We make note that when 9$ 
and z = for a constant B. 



0, 



+ 



2, y = 1 — g _ 1 we have u 



-l-t 



3.4.3. i?. Fuchs's principle for the solution y = — 1. In || Kazuo Kaneko and Yousuke 
Ohyama show that R. Fuchs's conjecture is true for the rational solution y = — 1 for 
00 = #1 = 1/2 and arbitrary 6^ of the fifth Painleve equation. We shall give this example 
as an application of Theorem L3 . We remark that our transformations are slightly different 
from these in pf. 

Equations (Q[ ) and ( |l.5|) taken at the solution y = — 1 for 6q = 6\ = 1/2 and arbitrary 
9oo (see also || ) of Py are 



(3.41) 



+ 



+ 



+ 



dx 1 



+ 



i i 

x x — 1 
1 



2t 



2(1 



1 



+ 



oo) + 2xt - t 
4(#oo - l)t 2 



dx 



+ 



1 



t 2 

16 + 



4 16x 2 16(x-l) 2 t 2 - 4(1 -6*00) 2(1 - 6»oo) + 2ts - t 
1-0™ 20 2 - 40 oo + 3\ 1 



+ 



'act t 

T~ ~ 4 t - 2(1 



+ 



- + 

x 



t 



1 



0qq£ _ t_ _ t 

16 + ~4~ ~ 4 + t + 2(1 - 



261 



40^ + 3 



x — 1 



+ 



9a; 



2x - 1 



x(x — 1) 2 x(x — 1) 



'00 t 



2x-l 



1 



1 



+ 



t 



dt 
2x 



+ 



4x(x - 1) 4 V.ar(a; — 1) ' 2 x(x — 1) 
Under Theorem |1.3| we have 

1 s l-^OO , I- / I 

4 



M(t) 



/(*) 



+ 



By means of the change of the variables 

(f>i(x, t) = (x(x — l)) -1 / 4 w(x, t) 

T = t (x{ X - l)) 1/2 



)log 



equation ( |3.41| ) is converted to equation (2.15) 



d 2 w 1 



w = 



dr 2 4 

which is independent on the deformation parameter t. 



R(x) 



1 



1 



4x 4(x - 1) 



x — \f~3 



\fx + \Jx — \ 
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We note that when 6q = 9\ = 1/2 and y = — 1 we have z = — {t + 2 + 26 l 00 )/8 and 
u = B~ l e'/ 2 for a constant B. 

3.4.4. Kitaev's linearization. Kitaev's isomonodromic deformation equations for the dege- 
nerate fifth Painleve equation with 5 = are || 



(3.42) 



(3.43) 



dx 
A(x,t) 

d$(x,t) 



A(x,t) $(x,t) , 




t 



1 

+ - 

x 



a\ a2 
a 3 -ai 



+ 



x-1 



B(x,t)$(x,t) 





x 



t \ a 3 + 6 3 -(ai + 61) 



dt 
B(x,t) 

where at, bi are functions of t. Let y = y(t) is an arbitrary solution of Py with parameters 

5 = 0. 



#2 #2 



Then , bi are defined as follows 



a-2 



03 



d / d , 
— i— loga 2 



2(y - 1) ' dt\dt 
1 



^00 -j? f — ) + 2a 2 + i/cx . 



a-2 



16 



1 ' 



3.4.5. i£. Fuchs's principle for the solution y = 1 + Kyi. In this subsection we show that 
R. Fuchs's principle is true for the algebraic solution y = 1 + K\/t, a = /i, /3 = —1/8, 7 = 
—/UK 2 , 5 = for arbitrary constants k and /i of Py. 
To apply Theorem L3 we make the transformation 

2 



2 



Then equations ( |1.4j ) and (1.5) taken at the solution y = 1 + kz are 

a 2 c 



(3.44) 



dx 2 



+ 



1 1 

X X — 1 KZX + 1 



1 



2x 2 16(x - l) 2 



+ 



9x 

\\xkz + 2/i — 1 
4x 



K 2 Z 2 



4(kz + 1)(1 + kzx) 



2fiK 3 z 3 + 6fiK z z z + + 2/i - 1 
4(kz + l)(x - 1) 



_2„2 



9x 



1 



+ 



+ 



1 



2«c(sc-l) 2(x-l) 
1 / 1 

+ 



dz 



+ 



+ 



4(x-l) 2z \2kx{x-1) 2(x-1 



n ■ 
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Accordingly Theorem \LQ we have 

M(s) = ±-, /(x) = — i - , h (x) = -J—, R(x) ' 



2z ' Jy ' 2kx{x - 1) ' v y 2(x - 1) ' v y 4(sc - 1) 
By means of the change of the variables 

4>i(x, z) = (x — l) -1 / 4 w(x, z) , 



z(x — 1) ' log 



2k & ^/^T + i 
equation ( |3.44| ) is converted to equation ( 2.15 ) 



d 2 w 



2\xk w = 



dr 2 

which is independent on the deformation parameter t. 

We make note that when y = 1 + a = /x, /3 = —1/8, 7 = — /iK 2 , 5 = we have 
ai = f— ^ — z 2 + i?) 02 for a constant i?. 

4. Concluding Remarks 



We shall address the generalization of Theorem 1.3 and new applications of this theorem 
in the forthcoming papers. 
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